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Abstract
A hybrid nite element-alternating direction implicit (ADI) method has been developed for solving three-dimensional
parabolic dierential equations with irregular geometry in the xy-directions. It is shown that this scheme is unconditionally
stable. A domain decomposition algorithm that employs the hybrid nite element-ADI scheme is then developed to solve
three-dimensional parabolic dierential equations on multilayers with irregular geometry. In the algorithm, the generalized
divide-and-conquer method for solving tridiagonal linear systems is applied in order to overcome the problem with the
unknown value at the interface between layers. Finally, we tested the accuracy of the hybrid nite element-ADI method,
and applied the domain decomposition algorithm to obtain temperature distributions and to ascertain rises in temperature
for an X-ray irradiated photoresist with a gear pattern on the mask. c© 2000 Elsevier Science B.V. All rights reserved.
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Nomenclature
hc convection heat transfer coecient
t time
x; y; z Cartesian coordinates
I identity matrix
K conductance matrix
M capacitance matrix
N number of grid points in the xy-cross section
T temperature
V function in the Sobolev space H 10
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W0 irradiance
 generalized coordinates
’p basis function
 eigenvector
 eigenvalue
 absorption coecient
z grid size in the z-direction
1. Introduction
Parabolic dierential equations in three dimensions and on multilayers often arise in engineer-
ing processes. An example is rapid thermal processing (RTP). At the microscale level, one of
the essential problems in RTP is to control the dynamical temperature in order to reduce temper-
ature nonhomogenenities (during heating up and cooling down) which are responsible for layer
nonhomogenenities and slip generation [8,9]. Another example is X-ray lithography (LIGA), an
important technology in micromanufacturing [1]. The process consists of X-ray irradiation of a pho-
toresist, such as polymethylmethacrylate (PMMA), deposited on a silicon substrate. Prediction of the
temperature distribution in three dimensions in the photoresist and substrate is essential for determin-
ing the eect of high ux X-ray exposure on distortions in the photoresist due to thermal expansion.
A thorough understanding of the problem has been hampered by the diculties involved in solving
the dierential equations describing temperature proles in multilayers. These diculties include the
irregular geometry on the xy-directions (the thickness is in the z-direction), the unknown value at
the interface between layers, and the thin layers. Several models have been presented in the literature
dealing with the problem of heat transfer in multilayers. Ozisik [12] presented the Green’s function
method for solving one-dimensional heat conductions in multilayers. Kant [7] employed the Laplace
transform to solve the transient heat transfer equation on multilayers. Madison and McDaniel [10]
used the globally dened Green’s functions and Laplace transforms to solve the transient heat trans-
fer equation on multilayers. Cole and McGahan [6] presented a method for temperature prediction in
anisotropic multilayer materials. Their method was based on a local Green’s function for each layer.
These methods are very ecient for simple geometry cases. However, they are quite complicated in
three dimensions (especially, for the irregular geometry) because improper integrals and series are
involved. Recently, Dai et al. [2,3] have developed several models for solving parabolic dieren-
tial equations on multilayers. In these models, the alternating-direction implicit method was applied
for solving parabolic dierential equations on multilayers with rectangular geometry. For irregular
geometry, the analytical solutions are dicult to obtain. Therefore, it is important to develop nu-
merical methods. Dai et al. [4] developed a hybrid nite element-ADI method to obtain steady-state
temperature proles on multilayers with cylindrical geometry using the lumped technique. In this
study, we generalize the hybrid nite element-ADI method without using the lumped technique for
solving parabolic dierential equations on multilayers with irregular geometry in order to obtain
the transient temperature distributions. In this method, we rst employ the nite element method to
the xy-direction without using the lumped technique. An ADI scheme is developed based on the
two-cycle componentwise splitting method [11]. It is shown that this scheme is unconditionally sta-
ble, and is second-order accurate in time. We then employ this scheme to solve parabolic dierential
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equations on multilayers with irregular geometry. A domain decomposition algorithm is developed so
that the computation is simple. Finally, we test the accuracy of the hybrid nite element-ADI method
and apply the domain decomposition algorithm to obtain the transient temperature distributions in
the photoresist and substrate in an X-ray irradiation process.
2. Finite element-ADI scheme
Consider a parabolic dierential equation
@T
@t
= 32T + f (1)
in the domain where the geometry in the xy-direction is irregular. T = 0 when the point (x; y; z) is
at the side wall. LetZ Z
G

@T
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V − (32T )V + fV

dx dy
=
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
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@2T
@z2
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dx dy
=0; (2)
where V (x; y) is a function in the Sobolev space H 10 . A nite element mesh is constructed in the
xy-cross section, as shown in Fig. 1. We write a test function for T (x; y; z; t) as follows:
Th(x; y; z; t) =
NX
p= 1
T (z; t)’p(x; y); (3)
Fig. 1. A nite element mesh in the xy-cross section.
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where ’p(x; y) is a basis function, N is the number of grid points in the xy-cross section. Also,
we consider fh =
PN
p= 1 fp’p(x; y) as an interplant of f. Substituting Th and fh into Eq. (2), and
choosing V = ’p, we obtain
NX
p= 1
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Z Z
G
’p’q dx dy
+
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p= 1
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
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
dx dy − @
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#
−
NX
p= 1
fp
Z Z
G
’p’q dx dy = 0; q= 1; 2; : : : ; N: (4)
Introducing the vector notations ~T (z; t) = [T1(z; t); : : : ; TN (z; t)]
T;~f(z; t) = f(f1; : : : ; fN )T and the
matrices MNN and KNN with the two respective entries,
mqp =
Z Z
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
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+
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
dx dy;
we can express the system in Eq. (4) into a matrix form as follows:
M
@~T
@t
+ K~T − M @
2~T
@z2
=M~f; (5)
where M is the capacitance matrix and K is the conductance matrix. Both matrices are symmetric
and positive denite. Also, they are sparse matrices. A common and simple method to discretize
Eq. (5) is the Crank{Nicholson method [13]. However, the computation is quite heavy (see the
example later). In this study, we apply the concept of the two-cycle componentwise splitting method
[3,11] and develop an ADI scheme as follows:
M +
t
2
K

~Tn−1=2m =

M − t
2
K

~Tn−1m ; (6)

I − t
2
2z

(~Tnm −t~fmn) =

I +
t
2
2z

~Tn−1=2m ; (7)

I − t
2
2z

~Tn+1=2m =

I +
t
2
2z

(~Tnm +t~fm
n); (8)

M +
t
2
K

~Tn+1m =

M − t
2
K

~Tn+1=2m ; (9)
where ~Tnm = ~T (mz; nt);z is the grid size in the z-direction and t is the time increment,
m=1; : : : ; Nz; and nt6t0. I is an identity matrix. 2z is a second-order nite dierence operator such
that 2z ~T
n
m=(1=z
2)(~Tnm+1− 2~Tnm+ ~Tnm−1): If M is replaced by I , then the above scheme becomes the
two-cycle componentwise splitting scheme [11]. In [4], we applied the lumped technique to replace
M by a diagonal matrix D. However, this method is accurate only for obtaining the steady-state
solution. To obtain the transient solution, M must be kept in Eq. (5).
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To discuss the scheme’s accuracy, we introduce the following notations:
~T= (~Tn1 ; : : : ; ~T
n
Nz)
T; ~f = (~f1
n; : : : ;~fNz
n)T;
M =
2
64
M
. . .
M
3
75 ; K =
2
64
K
. . .
K
3
75 ;
C =
2
666664
2I −I
−I 2I −I
. . . . . . . . .
−I
−I 2I
3
777775 ; I =
2
64
I
. . .
I
3
75 :
Then Eqs. (6){(9) can be written as follows:
I +
t
2
M−1K

~Tn−1=2 =

I − t
2
M−1K

~Tn−1;

I +
t
2
C

(~Tn −t~fn) =

I − t
2
C

~Tn−1=2;

I +
t
2
C

~Tn+1=2 =

I − t
2
C

(~Tn +t~fn);

I +
t
2
M−1K

~Tn+1 =

I − t
2
M−1K

~Tn+1=2:
Eliminating ~Tn−1=2; ~Tn; and ~Tn+1=2; we obtain
~Tn+1 = B1B2B2B1~Tn−1 + 2tB1B2~fn;
where B1 = (I+ t2 M
−1K)−1(I− t2 M−1K) and B2 = (I+ t2 C)−1(I− t2 C). If (t=2) k M−1K k< 1
and (t=2) k C k< 1; (where k A k2 = sup’(A’; A’)=(’; ’)), then
B1B2B3B4 = [I − 12tM−1K + 14t2(M−1K)2 + O(t3)][I − 12tM−1K]
[I − 12tC+ 14t2C2 + O(t3)][I − 12tC]
[I − 12tC+ 14t2C2 + O(t3)][I − 12tC]
[I − 12tM−1K + 14t2(M−1K)2 + O(t3)][I − 12tM−1K]
=

I −t(M−1K + C) + 12t2[(M−1K)2 + C2 + 2(M−1K)C] + O(t3)
}
 I −t(M−1K + C) + 12t2[(M−1K)2 + C2 + 2(M−1K)C] + O(t3)}
= I − 2t(M−1K + C) + 12(2t)2(M−1K + C)2 + O(t3):
This is second-order accurate in time and may be used to approximate the equation
@~T
@t
+ (M−1K + C)~T=~f :
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We now investigate the stability of the ADI scheme, Eqs. (6){(9). The scheme is dicult to
analyze directly since it represents a large number of equations (degrees of freedom) that are coupled
through the M and K matrices. A standard approach to overcome this diculty is to rewrite Eq. (5)
and hence Eqs. (6){(9) in terms of its normal modes, and thereby produce a system of uncoupled
equations that can be more easily studied [13]. Consider the following eigenvalue problem:
Ki − iMi = 0; (10)
where i is the eigenvalue corresponding to the eigenvector i. Assume that the eigenvectors are
orthonormalized with respect to the capacitance matrix M such that
Tj Mi = ij; (11)
where ij is 1 if i = j and 0 if i 6= j. Then multiplying Eq. (10) by Tj and using Eq. (11) yields
Tj Ki − iij = 0; (12)
which shows that the eigenvectors are also orthogonal with respect to the matrix K . Further, i > 0
since K is positive denite. Since the eigenvectors form a basis for the semidiscrete system in
Eq. (5), the solution for ~T may be represented as a linear combination of the eigenvectors,
~T (x; y; z; t) =
X
i
i(z; t)i(x; y); (13)
where i(z; t) are the generalized coordinates. Substituting Eq. (13) into Eq. (5), premultiplying by
Tj , and using the orthogonal properties in Eqs. (11) and (12) leads to the result
@i
@t
(Tj Mi) + i(
T
j Ki)− 
@2i
@z2
(Tj Mi) = 
T
j M~f
or
@i
@t
+ ii − @
2i
@z2
= fi:
Using a similar argument, we obtain from Eqs. (6){(9)
1 +
t
2
i

(i)n−1=2m =

1− t
2
i

(i)n−1m ; (14)

1− t
2
2z

[(i)nm −t(fi)nm] =

1 +
t
2
2z

(i)n−1=2m ; (15)

1− t
2
2z

(i)n+1=2m =

1− t
2
2z

[(i)nm −t(fi)nm]; (16)

1 +
t
2
i

(i)n+1m =

1− t
2
i

(i)n+1=2m : (17)
Let
(i)n = [(i)n1; : : : ; (i)
n
Nz ]
T and C =

z2
2
666664
2 −1
−1 2 −1
. . . . . . . . .
−1
−1 2
3
777775 :
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We eliminate (~i)n−1=2, (~i)n, (~i)n+1=2, and obtain
(~i)n+1 =

1 +
t
2
i
−1 
1− t
2
i

I

I +
t
2
C
−1 
I − t
2
C



I +
t
2
C
−1 
I − t
2
C

1 +
t
2
i
−1 
1− t
2
i

I (~i)
n−1
+ 2t

1 +
t
2
i
−1 
1− t
2
i

I

I +
t
2
C
−1 
I − t
2
C

(~fi)
n:
Since C is symmetric and positive denite, then k (I + (t=2)C)−1(I − (t=2)C) k2 61 by the
lemma in [5]. Further, j(1 + (t=2)i)−1(1− (t=2)i)j< 1 since i > 0. Hence
k (~i)n+1 k6 k (~i)n−1 k +2t k (~fi)n k
6 k (~i)0 k +t0 k ~fi k; (18)
where k ~fi k =maxnt6t0 k (~fi)n k.
Since there are no restrictions on the time step and grid sizes, the scheme, Eqs. (14){(17), and
hence Eqs. (6){(9), is unconditionally stable. It should be pointed out that unconditional stability is
particularly important so that there are no restrictions on the mesh ratio, since the grid size in the
z-direction of the solution domain could be very small.
3. Domain decomposition algorithm
We now consider parabolic dierential equations on multilayers with irregular geometry. For
convenience, we only consider two equations:
@T1
@t
= 132T1 + g1; (19)
Fig. 2. Three-dimensional conguration of resist and substrate.
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@T2
@t
= 232T2 + g2 (20)
on two layers, as shown in Fig. 2. At the interface, we assume
− k1 @T1@z =−k2
@T2
@z
; T1 = T2: (21)
Also, T = T1 at the side wall and bottom, where T1 is the surrounding temperature. We assume
that convection occurs at the top wall,
k1
@T1
@z
= hc(T1 − T1); (22)
where hc is the convective heat transfer coecient. We apply the ADI scheme,
Eqs. (6){(9) to Eqs. (19) and (20) as follows:
M +
t
2
Ki

(~Ti)n−1=2m =

M − t
2
Ki

(~Ti)n−1m ; (23)

I − t
2
2z

[(~Ti)nm −t(~f i)nm] =

I +
t
2
2z

(~Ti)n−1=2m ; (24)

I − t
2
2z

(~Ti)n+1=2m =

I +
t
2
2z

[(~Ti)nm +t(~fi)
n
m]; (25)

M +
t
2
Ki

(~Ti)n+1m =

M − t
2
Ki

(~Ti)n+1=2m ; (26)
where i = 1; 2. The boundary conditions are as follows:
At the interface,
k1[(~T1)nNz+1 − (~T1)nNz ] = k2[(~T2)n1 − (~T2)n0]; (~T1)nNz+1 = (~T2)n0: (27)
At the top surface,
k1[(~T1)n1 − (~T1)n0] = zhc[(~T1)n0 − ~T1] (28)
and (~T1)nm= ~T1 for other boundaries. The initial condition is (~T1)
0
m= ~T1. Then a domain decompo-
sition algorithm can be written as follows:
Step 1: Solve (~T1)n−1=2m and (~T2)
n−1=2
m by Eq. (23) independently. The solutions can be obtained
by applying the LU factorization to obtain M + (t=2)K = LU and computing
L(~Ti)m =

M − t
2
K

(~Ti)n−1m ; U (~Ti)
n−1=2
m = (~Ti)

m:
Step 2: Solve (~T1)nm and (~T2)
n
m by Eq. (24). Here, we need to solve two block tridiagonal systems
−1(~T1)nm−1 + (1 + 21)(~T1)nm − 1(~T1)nm+1 = (~d1)nm; m= 1; : : : ; Nz;
−2(~T2)nm−1 + (1 + 22)(~T2)nm − 2(~T2)nm+1 = (~d2)nm; m= 1; : : : ; Nz;
with unknowns (~T1)nNz+1 and (~T2)
n
0 at the interface, where i = (t=z
2)i.
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To this end, we calculate
ak = [(1 + 21)− 1ak−1]−11; a0 = 0;
~bk = [(1 + 21)− 1ak−1]−1[(~d1)nk + 1~bk−1]; b0 = 0; k = 1; : : : ; Nz
and
~ak = [(1 + 22)− 2 ~ak+1]−12; ~aNz+1 = 0;
~bk = [(1 + 22)− 2 ~ak+1]−1[(~d2)nk + 2 ~bk−1]; ~bNz+1 = 0; k = Nz; : : : ; 1;
independently, and then substitute (~T1)nNz = aNz(~T1)
n
Nz+1 +~bNz and (~T2)
n
1 = ~a1(~T2)
n
0 + ~b1 into Eq. (27),
to obtain (~T1)nNz+1 and (~T2)
n
0. Finally, the rest of (~T1)
n
m and (~T2)
n
m can be solved independently by
(~T1)nm = am(~T1)
n
m+1 +~bm; m= Nz; : : : ; 1 and (~T2)
n
m = ~am(~T2)
n
m−1 + ~bm; m= 1; : : : ; Nz.
Step 3: As in step 2, solve (~T1)n+1=2m and (~T2)
n+1=2
m by Eq. (25).
Step 4: As in step 3, solve (~T1)n+1m and (~T2)
n+1
m by Eq. (26).
It should be pointed out that the computation is very simple because it converts a three-dimensional
computation into one- and two-dimensional computations. Particularly, no matrix inversions are in-
volved in Steps 2 and 3. Furthermore, the algorithm can be readily generalized to the case of more
than two layers.
4. Numerical examples
We rst test the accuracy of our hybrid nite element-ADI scheme (6){(9). For simplication,
we chose matrices M and K as follows:
M =
1
6
2
666664
4h h
h 4h h
. . . . . . . . .
h 4h h
h 4h
3
777775 and K =
2
666666664
2
h − 1h
− 1h 2h − 1h
. . . . . . . . .
− 1h 2h − 1h
− 1h 2h
3
777777775
:
These are obtained from the nite element method when the basis function is chosen to be linear
and one dimensional. Here, h is the grid size in the x-direction.
We considered a simple parabolic dierential equation
@T
@t
=
@2T
@x2
+
@2T
@z2
+ f(x; z; t); 0<x; z< 1 (29)
with the exact solution
T (x; z; t) = e−
2tsin(x)sin(z); 06x; z61: (30)
We chose two dierent meshes, 100100 and 5050, for computations. The numerical solutions
were compared with those obtained using the hybrid nite element-Crank{Nicholson method [13]
for Eq. (5), that is,
1
t
M (~Tn+1m − ~Tnm) + 12K(~Tn+1m + ~Tnm)− 12M2z (~Tn+1m + ~Tnm) =M~fmn+1=2: (31)
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Fig. 3. Changes in the maximum errors over time.
Fig. 4. A mask with a micro-gear pattern.
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Fig. 5. An example of an X-ray lithography micro-gear created at the IfM, Louisiana Tech University.
Table 1
Thermophysical properties
Property PMMA Silicon
; g=cm3 1.18 2.3
k;W=cm=K 0.00198 1.50
cp; kJ=kg=K 1.42 0.76
W0;W=cm2 1.823 1.424
; cm−1 50.26 99.42
Since the above scheme is implicit, the block Gauss{Seidel iteration was employed
M +
t
2
K +
t
z2
M

(~Tn+1m )
(l+1)
=
t
z2
M [(~Tn+1m−1)
(l+1) + (~Tn+1m+1)
(l)] +

M − t
2
K − t
z2
M

~Tnm
+
t
z2
M [~Tnm−1 + ~T
n
m+1] + tM~fm
n+1=2; l= 0; 1; : : : : (32)
The LU factorization was then used for solving the above system and Eqs. (6) and (9). The time in-
crement was chosen to be 0.001. The convergent solution ~Tn+1m was obtained when maxj(~Tn+1m )(l+1)−
(~Tn+1m )
(l)j610−7. The maximum errors (maxp;mjTnpm − T exactpm j) vs. the time iteration (n) are shown
in Fig. 3. It can be seen from Fig. 3 that the numerical solutions obtained using the hybrid -
nite element-ADI method are accurate and even better than those obtained using the hybrid nite
element-Crank{Nicholson method. Further, we compared the cpu times between the hybrid nite
element-ADI method and the hybrid nite element-Crank{Nicholson method. For the mesh of 5050
and n=1000, the hybrid nite element-ADI method took a cpu time of about 9 min in a SUN work-
station while the hybrid nite element-Crank{Nicholson method took about 55 min. This shows that
the hybrid nite element-ADI method is more ecient.
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Fig. 6. Temperature proles along the z-direction where the maximum temperature rise occurs in the resist.
To demonstrate the applicability of the numerical algorithm described in the previous section,
we investigated the temperature rise and temperature distribution in each of the multilayers (resist
and substrate) with a micro-gear pattern on the mask, as shown in Figs. 2, 4, and 5. We assumed
that PMMA and silicon are used for the resist and substrate, respectively. The heat absorption in
each layer is the exponential expression [1], gi(x; y; z; t) = (W0)i()ie−()iz in the exposed area and
gi(x; y; z; t) = 0 in the unexposed area, where i = 1; 2; and the coecients W0 and  for the resist
and substrate were chosen as listed in Table 1 [1,14]. We assumed that the exposed area is gear
shaped because of the micro-gear pattern on the mask. Furthermore, we chose a convection coe-
cient hc =0:006 W=cm2=K for each layer with the same 509 nodes and 968 elements in the xy-cross
section, as shown in Fig. 1, and chose 50 grid points in the z-direction for the resist and substrate,
respectively. The nite element mesh was created using a software TRIANGLE developed in 1996
by Schewchuk of the School of Computer Science at Carnegie Mellon University. For convenience,
we then chose linear basis functions for the test function Th(x; y; z; t). The surrounding temperature
was chosen to be 300 K. The steady-state solution was obtained when maxj(Tn+1−Tn)=T n+1j60:1%
was satised in the resist. Based on the above parameters, the transient temperature distributions
and the maximum temperature rise were obtained on an SGI Origin-2000. Fig. 6 shows the tem-
perature prole along the line in the z-direction where the maximum temperature rise occurs. The
present method agrees well with a preconditioned method for obtaining the steady-state solution [4].
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Fig. 7. Contours of the transient temperature distributions on a cross surface of the resist where the maximum temperature
rise occurs.
Fig. 8. Contours of the transient temperature distributions on a cross surface of the resist where the maximum temperature
rise occurs.
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Fig. 9. Contours of the transient temperature distributions on a cross surface of the resist where the maximum temperature
rise occurs.
Fig. 10. Contours of the transient temperature distributions on a cross surface of the resist where the maximum temperature
rise occurs.
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Fig. 11. Contours of the steady-state temperature distribution in the resist on the rz-cross section going through a tooth
of the gear.
Fig. 12. Contours of the steady-state temperature distribution in the resist on the rz-cross section between two teeth.
Figs. 7{10 show contours of the transient temperature distribution on a cross surface of the resist
where the maximum temperature rise occurs. Figs. 11 and 12 present contour lines of the temper-
ature distributions in the resist on two rz-cross sections, one going through a tooth of the gear and
the other between two teeth.
5. Conclusion
A hybrid nite element-ADI method has been developed for solving parabolic dierential equations
with irregular geometry in the xy-directions. It is shown that this scheme is unconditionally stable.
The numerical example shows that the hybrid nite element-ADI method is accurate and ecient.
A domain decomposition algorithm that employs the hybrid nite element-ADI scheme is then
developed to solve three-dimensional parabolic dierential equations on multilayers with irregular
geometry. This algorithm is simple. The algorithm is employed to obtain temperature distributions
and maximum temperature rises for an X-ray irradiated photoresist with a gear pattern on the mask.
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